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Abstract. This paper recalls the syntax and semantics of Matching
Logic [6], a first-order logic (FOL) variant for specifying and reasoning
about structure by means of patterns and pattern matching. Its sentences,
the patterns, are constructed using variables, symbols, connectives and
quantifiers, but no difference is made between function and predicate
symbols. In models, a pattern evaluates into a power-set domain (the
set of values that match it), in contrast to FOL where functions and
predicates map into a regular domain. Matching logic uniformly generalizes several logical frameworks important for program analysis, such
as: propositional logic, algebraic specification, FOL with equality, modal
logic, and separation logic. Patterns can specify separation requirements
at any level in any program configuration, not only in the heaps or stores,
without any special logical constructs for that: the very nature of pattern
matching is that if two structures are matched as part of a pattern, then
they can only be spatially separated. Like FOL, matching logic can also
be translated into pure predicate logic with equality, at the same time
admitting its own sound and complete proof system. A practical aspect
of matching logic is that FOL reasoning with equality remains sound,
so off-the-shelf provers and SMT solvers can be used for matching logic
reasoning. Matching logic is particularly well-suited for reasoning about
programs in programming languages that have an operational semantics,
but it is not limited to this.

Introduction. In their simplest form, as term templates with variables, patterns
abound in mathematics and computer science. They match a concrete, or ground,
term if and only if there is some substitution applied to the pattern’s variables that
makes it equal to the concrete term, possibly via domain reasoning. This means,
intuitively, that the concrete term obeys the structure specified by the pattern.
We show that when combined with logical connectives and variable constraints
and quantifiers, patterns provide a powerful means to specify and reason about
the structure of states, or configurations, of a programming language.
Matching logic was born from our belief that programming languages must
have formal definitions, and that tools for a given language, such as interpreters,
compilers, state-space explorers, model checkers, deductive program verifiers,
etc., can be derived from just one reference formal definition of the language,
which is executable. No other semantics for the same language should be needed.

For example, [3] presents a program verification module of based on matching
logic which takes the respective operational semantics of C [4], Java [1], and
JavaScript [5] as input and yields automated program verifiers for these languages,
capable of verifying challenging heap-manipulating programs at performance
comparable to that of state-of-the-art verifiers specifically crafted for those
languages.
Matching logic is particularly well-suited for reasoning about programs when
their language has an operational semantics. That is because its patterns give
us full access to all the details in a program configuration, at the same time
allowing us to hide irrelevant detail using existential quantification or separately
defined abstractions. Also, both the operational semantics of a language and its
reachability properties can be encoded as rules ϕ ⇒ ϕ0 between patterns, called
reachability rules in [3,2,7,8], and one generic, language-independent proof system
can be used both for executing programs and for proving them correct. In both
cases, the operational semantics rules are used to advance the computation. When
executing programs the pattern to reduce is ground and the application of the
semantic steps becomes conventional term rewriting. When verifying reachability
properties, the pattern to reduce is symbolic and typically contains constraints
and abstractions, so matching logic reasoning is used in-between semantic rewrite
rule applications to re-arrange the configuration so that semantic rules match or
assertions can be proved. We refer the interested reader to [3] for full details on
our recommended verification approach using matching logic.
Although we favor the verification approach above, which led to the development of matching logic, there is nothing to limit the use of matching logic
with other verification approaches, as an intuitive and succinct notation for
encoding state properties. For example, one cantake an existing separation logic
semantics of a language, regard it as a matching logic semantics and then extend
it to also consider structures in the configuration that separation logic was not
meant to directly reason about, such as function/exception/break-continue stacks,
input/output buffers, etc. For this reason, we here present matching logic as a
stand-alone logic, without favoring any particular use of it.
Syntax. Matching logic is a logic centered around the notion of patterns:
Definition 1. Let (S, Σ) be a many-sorted signature of symbols. Matching logic
(S, Σ)-formulae, also called (S, Σ)-patterns, or just (matching logic) formulae
or patterns when (S, Σ) is understood from context, are inductively defined as
follows for all sorts s ∈ S:
ϕs ::= x ∈ Vars
| σ(ϕs1 , ..., ϕsn ) with σ ∈ Σs1 ...sn ,s (written Σλ,s when n = 0)
| ¬ϕs
| ϕs ∧ ϕs
| ∃x . ϕs with x ∈ Var (of any sort)

//
//
//
//
//

Variable
Structure
Complement
Intersection
Binding

Let Pattern be the S-sorted set of patterns. By abuse of language, we refer
to the symbols in Σ also as patterns: think of σ ∈ Σs1 ...sn ,s as the pattern
σ(x1 : s1 , . . . , xn : sn ).

We argue that the syntax of patterns above is necessary in order to express
meaningful patterns, and at the same time it is minimal. Indeed, variable patterns
allow us to extract the matched elements or structure and possibly use them
in other places in more complex patterns. Forming new patterns from existing
patterns by adding more structure/symbols to them is standard and the very
basic operation used to construct terms, which are the simplest patterns. Complementing and intersecting patterns allows us to reason with patterns the same way
we reason with logical propositions and formulae. Finally, the existential binder
serves a dual role. On the one hand, it allows us to abstract away irrelevant
parts of the matched structure, which is particularly useful when defining and
reasoning about program invariants or structural framing. On the other hand,
it allows us to define complex patterns with binders in them, such as λ-, µ-, or
ν-bound terms/patterns (to be presented elsewhere).
Semantics. In their simplest form, as terms with variables, patterns are usually
matched by other terms that have more structure, possibly by ground terms.
However, sometimes we may need to do the matching modulo some background
theories or modulo some existing domains, for example integers where addition
is commutative or 2 + 3 = 1 + 4, etc. For maximum generality, we prefer to
impose no theoretical restrictions on the models in which patterns are interpreted,
or matched, leaving such restrictions to be dealt with in implementations (for
example, one may limit to free models, or to ones for which decision procedures
exist, etc.).
Definition 2. A matching logic (S, Σ)-model M , or just a Σ-model when
S is understood, or simply a model when both S and Σ are understood, consists
of:
1. An S-sorted set {Ms }s∈S , where each set Ms , called the carrier of sort s
of M , is assumed non-empty; and
2. A function σM : Ms1 × · · · × Msn → P(Ms ) for each symbol σ ∈ Σs1 ...sn ,s ,
called the interpretation of σ in M .
Note that symbols are interpreted as relations, and that the usual (S, Σ)algebra models are a special case of matching logic models, where |σM (m1 , . . . , mn )| =
1 for any m1 ∈ Ms1 , . . . , mn ∈ Msn . Similarly, partial (S, Σ)-algebra models also
fall as special case, where |σM (m1 , . . . , mn )| ≤ 1, since we can capture the undefinedness of σM on m1 , . . . , mn with σM (m1 , . . . , mn ) = ∅. We tacitly use the
same notation σM for its extension to argument sets, P(Ms1 ) × · · · × P(Msn ) →
P(Ms ), that is,
S
σM (A1 , . . . , An ) = {σM (a1 , . . . , an ) | a1 ∈ A1 , . . . , an ∈ An }
where A1 ⊆ Ms1 , . . . , An ⊆ Msn .
Definition 3. Given a model M and a map ρ : Var → M , called an M valuation, let its extension ρ : Pattern → P(M ) be inductively defined as
follows:

– ρ(x) = {ρ(x)}, for all x ∈ Vars
– ρ(σ(ϕ1 , . . . , ϕn )) = σM (ρ(ϕ1 ), . . . ρ(ϕn )) for all σ ∈ Σs1 ...sn ,s and appropriate
ϕ1 , ..., ϕn
– ρ(¬ϕ) = Ms \ ρ(ϕ) for all ϕ ∈ Patterns
– ρ(ϕ1 ∧ ϕ2 ) S
= ρ(ϕ1 ) ∩ ρ(ϕ2 ) for all ϕ1 , ϕ2 patterns of the same
S sort
– ρ(∃x.ϕ) = {ρ0 (ϕ) | ρ0 : Var → M, ρ0Var\{x} = ρVar\{x} } = a∈M ρ[a/x](ϕ)
where “ \” is set difference, “ρV ” is ρ restricted to V ⊆ Var, and “ρ[a/x]” is map
ρ0 with ρ0 (x) = a and ρ0 (y) = ρ(y) if y 6= x. If a ∈ ρ(ϕ) then we say a matches
ϕ (with witness ρ).
It is easy to see that the usual notion of term matching is an instance of the
above; indeed, if ϕ is a term with variables and M is the ground term model, then
a ground term a matches ϕ iff there is some substitution ρ such that ρ(ϕ) = a. It
may be insightful to note that patterns can also be regarded as predicates, when
we think of “a matches pattern ϕ” as “predicate ϕ holds in a”. But matching logic
allows more complex patterns than terms or predicates, and models which are
not necessarily conventional (term) algebras.
Note that property “if ϕ closed then M |= ¬ϕ iff M 6|= ϕ”, which holds
in classical logics like FOL, does not hold in matching logic. This is because
M |= ¬ϕ means ¬ϕ is matched by all elements, i.e., ϕ is matched by no element,
while M 6|= ϕ means ϕ is not matched by some elements. These two notions are
different when patterns can have more than two interpretations, which happens
when M can have more than one element.
Definition 4. Pattern ϕ is valid, written |= ϕ, iff M |= ϕ for all M . If F ⊆
Pattern then M |= F iff M |= ϕ for all ϕ ∈ F . F entails ϕ, written F |= ϕ,
iff for each M , M |= F implies M |= ϕ. A matching logic specification is a
triple (S, Σ, F ) with F ⊆ Pattern.
The journal paper upon which this presentation is based [6] gives a more
detailed introduction to the logic, its relation with existing logics, as well as a
specialized (sound and complete) proof system for it.
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