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Toric ideals

Let A= {a1,...,an} C Z™ be a set of vectors in Q.

Let A= [a1...a,] € Z™ " be an integer matrix with columns a;. For a
vector u € Kerz(A) we let ut, u~ be the unique vectors in N” with
disjoint support such that u = u™ —u~.

Definition

The toric ideal /4 of Ais the ideal in K[xq, - - - , X,] generated by all
binomials of the form x"" — x"~ where u € Kerz(A).

A toric ideal is a binomial ideal.

Apostolos Thoma Toric ideals and Grobner bases



Binomials in a toric ideal

Toric ideals are binomial ideals.
There are certain sets of binomials that are important:

@ Graver basis

@ Circuits

@ Markov bases

@ Indispensable binomials
@ reduced Grobner basis
@ universal Grébner basis
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Theorem (Diaconis-Sturmfels 1998)

M is a minimal Markov basis of A if and only if the set
{x"" — x"" : ue M} is a minimal generating set of I,.

Definition

We call a minimal Markov basis of /4 any minimal generating set of /4.
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In the toric ideal of the complete graph on 10 vertices there are

3210

different minimal Markov bases. Every minimal Markov basis
contains 420 elements.

Apostolos Thoma Toric ideals and Grobner bases



Generic toric ideals

A toric ideal I is called generic if it is minimally generated by
binomials with full support.

A=(20 24 25 31)

4 3 2 4 2
IA =< Xg — X1 XoXq, X{ — XoX3Xyq, Xz — X1X5X3, X5 — X{ X3Xy,
3y 2 2y2 2,3 2y2 32 3 42
XI A X XXX Xa XXX a s Ko X

@ Every generic toric ideal has a unique minimal Markov basis.

@ If the generic toric ideal is not a principal ideal then none of the
generators is a circuit.
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How many Markov bases exist?

There are two main cases:
1st case. The semigroup NA is positive, that means
Kerz(A) NN" = {0}.
@ Every fiber is finite.
@ Every minimal Markov basis has the same number of elements.
@ There are finitely many different minimal Markov bases.
@ The multiset of fibers for which the elements of a minimal Markov
basis belong to is an invariant of the toric ideal.
@ All minimal Markov bases are subsets of the Graver basis.
2nd case. The semigroup NA is not positive, that means
Kerz(A) NN" = {0}.
@ Every fiber is infinite.
@ Different minimal Markov bases may have different number of
elements.
@ There are infinitely many different minimal Markov bases.
@ The multiset of fibers that the elements of a minimal Markov
basis belong to is not invariant of the toric ideal.
@ There is at least one minimal Markov basis which is a subset of
the Graver basis.
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Let A=[1 — 1], the simplest example of a matrix such that the
semigroup NA is not positive, since (1,1) € Kerz(A) N N2
The Graver basis of Ais {1 — xy}.
The following sets are some of the infinitely many minimal Markov
bases:

o {1—xy}

o {1-xy%1-x%"%}

Y {1 _ )(6}/67 1— X10y10, 1— X15y15}

o {1-x*y%x—x%}

° {1— X5y5,xy3 B X2014y2016}

Apostolos Thoma Toric ideals and Grobner bases



Let A=[1 — 1], the simplest example of a matrix such that the
semigroup NA is not positive, since (1,1) € Kerz(A) N N2,

The Graver basis of Ais {1 — xy}.

The following sets are some of the infinitely many minimal Markov
bases:

o {1—xy}

o {1—x?y?21—x3y3}

° {1 _ X6y67 1_ XlOylo, 1_ X15y15}

o {1—x%y%, x—x%y}

° {1 . X5y5,xy3 B X2014y2016}
H. Charalambous, A. Thoma, M. Vladoiu, Markov Bases of Lattice
Ideals
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Indispensable binomials

Definition

A binomial that belongs (up to sign) to every binomial generating set
of the toric ideal /4 is called indispensable.

@ All elements in a minimal Markov basis of a generic toric ideal
are indispensable.

@ None of the elements in any minimal Markov basis of the toric
ideal of the complete graph on 10 vertices is indispensable.
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Grobner bases

A Grébner basis for an ideal / C k[xi, ..., Xy] is a set of generators of
the ideal /, not necessarily minimal, with good computational
properties.

Apostolos Thoma Toric ideals and Grobner bases



Monomial ideals

Let k be a field and let k[xy, .. ., X,] be the polynomial ring in n
variables over k.

A monomial is a product x* = x{* x52 - - - x3", where

a= (31,32,~'~ ,an) ENg

Anideal I C K[x1,...,Xs] is called a monomial ideal if it is generated
by monomials.

Theorem

Every monomial ideal has a finite unique minimal system of
monomial generators.
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Monomial ideals

Let M be a monomial ideal in k[xi,...,Xxy] and let my, ..., ms be the
unique minimal system of monomial generators of M. Then
@ the monomial m belongs to the monomial ideal M if and only if
there exists ani € {1,--- , s} such that m = m;q;, where q; is a
monomial in K[Xi, ..., Xp].
@ the polynomial f = a; x"* + a;x"2 + ... a,x", with each a; # 0,
belongs to the monomial ideal M if and only if each monomial x"
belongs to M, where i € {1,...,r}.
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Monomial orders

By T" we denote the set of monomials x2 in k[xi, ..., Xa].

T" = {x%ae Nj}.

Definition

By a monomial order on T"” we mean a binary relation < on T" such
that

for every x2 € T" we have x? < x2 (reflexive)

@ if x2 < xP and x® < x@ then x2 = x? (antisymmetric)
@ if x2 < xP and x? < x° then x2 < x© (transitive)

@ if x2 xP € T"then x2 < x? or x < x@ (total order)
@ 1 < x@forall x2 € T" with x2 # 1

@ If x2 < xb then x2x° < xbx¢ for all x°¢ € T".
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Monomial orders

Definition
We say that x2 < x? if x2 < xP and x@ # xP.

If n = 1 then there is a uniqgue monomial order (on T1).
1 < xq therefore x; < x7 therefore x? < x3 - --
Thus

l<xp<xtP<xp<---.
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Lexicographic monomial order

Definition (Lexicographic order with x; > X2 > -+ > Xp)

We define x2 = x# x2 ... x& > xP = xP1x22 ... x if and only if there
existsani € {1,2,--- ,n} such that
a=b
aj—1=bi
aj > b;.

There are n! different Lexicographic monomial orders.
We denote the Lexicographic monomial order > by

>lex -
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Degree Lexicographic monomial order

Definition (Degree Lexicographic order with x; > X2 > - -+ > Xp)

We define x@ = x x22 ... x@ > xP = xPrxP2 ... x if and only if
at+a+---+an>b+by+---+ bpor
a+a+---+ap=>bi+ b+ -+ b, and there exists an
i€e{1,2,---,n} such that

a, = b1
a1 =bi_1
ai > b;.

There are n! different Degree lexicographic monomial orders. We
denote the Degree lexicographic monomial order > by

> deglex -
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Degree Lexicographic monomial order

Definition (Degree reverse lexicographic order with
X1 > Xo > -+ >Xn)

We define x2 = x@ x22 ... x@n > xP = xPrxP2 ...

ait+a+---+ap>b +by+---+byor
a+a+---+a,=b+by+---+ b, and there exists an
i€ {1,2,---,n} such that

xEr if and only if

an = bn
8jt1 = bit1
aj < b,'.

There are n! different Degree reverse lexicographic monomial orders.
We denote the Degree reverse lexicographic monomial order > by

> degreviex -
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Monomial order

In the polynomial ring k[xi, X2, X3] with x; > X2 > X3 for the monomials
X2, x1X2x3 and x3 we have

© X{ >lex X1 X2X3 >lex X5
2
@ X1X2X3 > deglex XS > deglex Xi

2
o X§ >degrev/ex X1 X2X3 >degrevlex X1
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Monomial order

Sometimes we can define a monomial order using a matrix
U e R™", We define x& = x@ x22 ... x@ > xP = xP1 xP2 ... x if and
only if the first (from the top) nonzero coordinate of

U(a—- b)!

is positive.
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Lexicographic order with x; > xo > --- > X,

The lexicographic monomial order with x; > x; > --- > x, can be
defined by the identity n x n matrix,

1 00 ... 00
01 0 ... 0O
001 ... 0O
Inxn = (9j) = Do :
000 ... 1 O
000 ... 01

while any lexicographic monomial order can be defined by a
permutation matrix

(Sio(j))-
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Degree Lexicographic order with x; > x, > --- > X,

The degree lexicographic monomial order with x; > x, > --- > x, can
be defined by the n x n matrix,

111 11
10 0 0 0
010 0 0

p_|o o1 0 0
000 ... 10
000 ... 01

while any other degree lexicographic monomial order can be defined
by a matrix obtained by a permutation of the last n rows of D.

Apostolos Thoma Toric ideals and Grobner bases



Degree Reverse Lexicographic order with

XL > Xo > - > Xp

The degree reverse lexicographic monomial order with
X1 > X > --- > Xp can be defined by the n x n matrix,

1 1 1 ... 1 1
0 0 0 .. 0 -1
0 1 0 -1 0
R = :
0 0 -1 0 0
0 —1 0 0 0
-1 0 0 0 0

while any other degree reverse lexicographic monomial order can be
defined by a matrix obtained by a permutation of the last n rows of R.

Apostolos Thoma Toric ideals and Grobner bases



Monomial orders

If n > 2 then there are infinitely many monomial orders on T". For
example for n = 2 there are infinitely many monomial orders on T2
defined by the matrices
1 a
(o 1)

b 1
5-(7 )
where a, b € Rx.

Note that all are distinct except if ab =1 and a € Q.

or
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Monomial orders defined by matrices

Theorem (Robbiano)

A matrix U € R™*" defines a monomial order if

@ ker(U)NnNg = {(0,0,---,0)}

@ the first nonzero coordinate in every column of U is positive.
Every monomial order can be defined by an appropriate matrix.
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Initial monomial

Let > be a monomial order on T". Let f be a nonzero polynomial in
K[x1,...,Xn]. We may write

f=ax" + asx"™ +--- 4 ax"™,

where a; # 0 and x"t > x"2 > ... > xW,

Definition

For f # 0 in K[xq, ..., Xa|, we define the initial monomial of f to be
in<(f) = x"1. The coefficient a; is called the initial coefficient of f and
is denoted by cf. For a subset S of k[xy,. .., X,] we define the initial
monomial ideal of S to be the monomial ideal in(S) = (in<(f)|f € S).
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Grobner bases

A set of non-zero polynomials G = {g, ..., g:} contained in an ideal /
is called Grdbner basis for / if and only if for all nonzero f € I there

exists j € {1,...,t} such that in.(g;) divides in. (f).

Theorem

A set of non-zero polynomials G = {91, ..., 9:} contained in an ideal |
is a Grébner basis for | if and only if

in<(G) = in(1).
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Grobner bases

Let < be a monomial order on k[xy, ..., X, and let I C k[xi, ..., x,] be
an ideal.

Definition

The monomials which do not belong to in. (/) are called standard
monomials.

Example

Let / be the ideal < x7 — x3, x3 — x3,x3 — x3 > of the polynomial ring
K[x1, X2, X3, X4] with the lexicographic monomial order with

X1 > Xo > X3 > Xg. Then in < (1) =< x{, X3, x5 > therefore

{x? — x3,x3 — x3,x3 — x;} is a Grobner basis for /.

The standard monomials are of the form

X4, X1 X4, XoXb, XaX), X1 XX}, X1 X3 X}, X2 X3X}, X1 Xo X3}, for some i € Ny.
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Division
Let > be a monomial order on K[x, ..., Xs].

Given polynomials f, g, hin k[xy, ..., x| with g # 0, we say that f
reduces to h modulo g, and we write f —4 h, if and only if in.(g)

divides a nonzero term X of f and

X
Cqin<(9)

Let f = xix3 + 2x7x3 — x5 and g = x¥xo — X3 in Q[x, X2, X3] with the
lexicographic monomial order with x; > X, > x3. Then in-(9) = x? X2
divides the term X = 2x?x3 and h =

242
#,Lg = xfx3+2x12x227x§’72le e (X2 Xo—X3) = X{ X3+2X2X3— X5
Cgin<(9) e
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Division

Let > be a monomial order in k[xi, ..., Xy)].

Given polynomials f, fi,--- , fs, hin k[xq, ..., xp] with f; £ 0. We say
that f reduces to h modulo F = {f,, f,--- , s}, and we write
f—>F h

if and only if there exists a sequence of indices iy, - - - , iy such that

f—>fi1 h1 —>fl.2 h2—>~-~—>fit h.
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Division

Let > be a monomial order on k[x, ..., Xp).

A polynomial r is called reduced with respect to a set of non-zero
polynomials F = {f;, fy,--- , fs} if

@r=0or

@ no term of r is a multiple of any in.(f;).

If f —F r and r is reduced with respect to F then r is called a
remainder for f modulo F.
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Remainder

The remainder of a polynomial f modulo a set of non-zero
polynomials may not be unique.

Let f = X1XoX3 + 2X1 and F = {fl = X1 X — 1, fg = XaoX3 — Xl} in
Q[x1, X2, X3] with the degree lexicographic monomial order with

X1 > Xo > X3. Then f —p 2x1 + x3 and f —¢, X7 + 2Xx.

Note that both 2x; + x3 and xZ + 2x; are reduced with respect to F,
thus both are remainders for f modulo F.
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Grobner bases

Let I be a non-zero ideal in k[xi, . .., Xn]. The set of non-zero
polynomials G = {g1, 9>, - ,9:} C | is a Grébner basis for | if and
only if the remainder of any polynomial f € k[x,...,Xx,] by G is
unique.

Theorem

Let | be a non-zero ideal in k[xi, ..., Xn]. The set of non-zero
polynomials G = {g1, 9>, - ,9:} C | is a Grébner basis for | if and
only if the remainder of any polynomial f € | by G is zero.

The remainder of any polynomial modulo a Grébner basis is a linear
combination of standard monomials.
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S-polynomials
Definition (Buchberger)

Let f, g be two non-zero polynomials in k[xi, ..., Xp]. Let
L = LCM(in(f),in<(g)). The polynomial

L L

= Gin () ceinz(g)?

S(f,9)

is called the S-polynomial of f and g.

Let f = 3x2yz — y3z3 g = xy? + z% in the polynomial ring Q[x, y, Z]
with the lexicographic monomial order with x > y > z. Then
L= LCM(in.(f),in-(g)) = LCM(x?yz, xy?) = x?y?z and

423

3

B x2y%z x2y%z

RV S 4
-~ 3x2yz xy2 g=—x

S(f,9)
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Grobner bases

The S-polynomial of f and g belongs to the ideal generated by f, g.

Let | be a non-zero ideal in K[xy, ..., Xg]. The set of non-zero
polynomials G = {g1, 92, -+ ,9:} C | is a Grébner basis for | if and
only if the remainder of any polynomial f € | by G is zero.

Theorem (Buchberger)

Let | be a non-zero ideal in K[x, ..., Xy]. The set of non-zero
polynomials G = {g1, 9>, ,9:} C | is a Grébner basis for
I=<g1,02, - ,9t > ifand only if S(f,g) —¢ 0.
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Buchberger’s Algorithm

@ INPUT: F = {fi, &, -, f;} a set of non-zero polynomials of
K[x1,. .., Xn]

@ OUTPUT: G={91,92, -, 9s} a Grobner basis for
=< f1,f2,'~- ,f[ >.

@ SET: G:=F, S= {S(f;,f)|f, # f € G}
@ WHILE S # 0 DO
Choose any S(f,g) € S
setS: S—{S(f,9)}
S(f,g) —¢ h, where h is the remainder modulo G

@ IF h+£ 0 THEN
S:=SU{S(u, h)|for allu € G}
G:= Gu{h}.
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Buchberger’s Algorithm

Let | =< x?y + z,xz + y > be an ideal in R[x, y, z|. Let <gegiex be the
degree lexicographic monomial order in R[x, y, z] with x > y > z.

@ SetGy={g1 =X’y +2z,00=xz+y}and Sy = {S(g1. =)}
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Buchberger’s Algorithm

Let | =< x?y + z,xz + y > be an ideal in R[x, y, z|. Let <gegiex be the
degree lexicographic monomial order in R[x, y, z] with x > y > z.

@ SetGy={g1=x*y+2,o=xz+y}and Sy = {S(g1,92)}
° So # (. Reduce S(g1, g2) with respect to Gy: S(g1,90) =
x L (x2y +2)— Xzyz (xz+y)=—xy>+2% =g, —Xy?+22#0
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Buchberger’s Algorithm

Let | =< x?y + z,xz + y > be an ideal in R[x, y, z|. Let <gegiex be the
degree lexicographic monomial order in R[x, y, z] with x > y > z.

@ SetGy={g1=x>y+2z,00=xz+y}and Sy = {S(91,92)}
° So # (. Reduce S(g1, g2) with respect to Gy: S(g1,90) =

x (XY +2) - Xzyz (xz+y)=—xy>+2% =g, —Xy?+22#0
° Set G = {gl,ga,gs = —xy*> + 2’} and

S1=(So — {S(g1,92)}) U{S(91, 95), S(92, 95)}-
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Buchberger’s Algorithm

Let | =< x?y + z,xz + y > be an ideal in R[x, y, z|. Let <gegiex be the
degree lexicographic monomial order in R[x, y, z] with x > y > z.

@ SetGy={g1=x*y+2,o=xz+y}and Sy = {S(g1,92)}
° So # (. Reduce S(g1, g2) with respect to Gy: S(g1,90) =
x (XY +2) - Xzyz (xz+y)=—xy>+2% =g, —Xy?+22#0
° Set G, = {gl,g2,gg = —xy?+ z?} and
S1=(So — {S(g1,92)}) U{S(91, 95), S(92, 95)}-
@ S; # (0. Reduce S(g1, gs) with respect to Gy:
S(gi.gs) = XL 2(x2y+z) Y (—xy? +22)=x22 4+ yz =g, 0

—xy2
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Buchberger’s Algorithm

Let | =< x?y + z,xz + y > be an ideal in R[x, y, z|. Let <gegiex be the
degree lexicographic monomial order in R[x, y, z] with x > y > z.
@ SetGy={g1=x*y+2,o=xz+y}and Sy = {S(g1,92)}
° So # (. Reduce S(g1, g2) with respect to Gy: S(g1,90) =
x (XY +2) - Xzyz (xz+y)=—xy>+2% =g, —Xy?+22#0
° Set G, = {gl,g2,gg = —xy?+ z?} and
S1=(So — {S(g1,92)}) U{S(91, 95), S(92, 95)}-
@ S; # (0. Reduce S(g1, gs) with respect to Gy:
S(91.05) = 5L (Y + 2) — L (~xy> +22) = x2* + yz =5, 0

@ Set GQ = Gl and 82 = 81 — {S(gl,gg)} = {8(92,93)}
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Buchberger’s Algorithm

Let | =< x?y + z,xz + y > be an ideal in R[x, y, z|. Let <gegiex be the
degree lexicographic monomial order in R[x, y, z] with x > y > z.
@ SetGy={g1=x*y+2,o=xz+y}and Sy = {S(g1,92)}
° So # (. Reduce S(g1, g2) with respect to Gy: S(g1,90) =
x (XY +2) - Xzyz (xz+y)=—xy>+2% =g, —Xy?+22#0
° Set G = {gl,g2,gg = —xy?+ z?} and
S1=(So —{S(g1.92)}) U {S(91,95). S(g2. 93)}-
@ S; # (0. Reduce S(g1, gs) with respect to Gy:
S(91.05) = 5L (Y + 2) — L (~xy> +22) = x2* + yz =5, 0
0 SetG, =G and S =81 —{S(91,92)} = {S(92,93)}-
° 82 # (. Reduce S(gg,gg) with respect to Ga: S(g2,93) =
X Y Z(xz+y) — WL (_xy? 4 22) =y + 23 g, yP+ 23 £0

—xy2
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Buchberger’s Algorithm

Let | =< x?y + z,xz + y > be an ideal in R[x, y, z|. Let <gegiex be the
degree lexicographic monomial order in R[x, y, z] with x > y > z.

Set Go={g1 =X’y +2,00=xz+y}and Sy = {S(91,9)}
So # (. Reduce S(g1, g2) with respect to Gy: S(g1,90) =

x (XY +2) - Xzyz (xz+y)=—xy>+2% =g, —Xy?+22#0
Set G, = {gl,g2,gg = —xy?+ z?} and

S1=(So — {S(g1,92)}) U{S(91, 95), S(92, 95)}-

S; # (0. Reduce S(g1, g3) with respect to G :

S(91.05) = 5L (Y + 2) — L (~xy> +22) = x2* + yz =5, 0
Set Gy = Gy and S =81 —{S(91,92)} = {S(92,93)}-

82 # (. Reduce S(gg,gg) with respect to Ga: S(g2,93) =

X Y Z(xz+y) — WL (_xy? 4 22) =y + 23 g, yP+ 23 £0

~xy?
Set Gs = {91,902, 95,91 = y* + 2} and

S; = (S2 —{5(92,93)}) U{S(91,94), 5(92,94),S5(g3,94)} =
{8(91794)a 8(927g4)a S(g3?g4)}
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Buchberger’s Algorithm

S(glag4) _>G3 07
S(92,94) —a, 0,
S(g37 g4) _>Gz
So after three more steps S = () and therefore
{glv G2, 93, g4}

is a Grobner basis for /.
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Grobner bases

For any nonzero ideal / and for any monomial order there exist
Grébner bases for 1. Actually there exist infinitely many.

Definition
A Grobner basis G = {91, ...,9:} is called a reduced Grébner basis
for [if

@ the initial coefficient of g; is equal to 1 forall j € {1,...,t} and

@ no monomial in g; is divisible by any in.(g;) for any j # i.

Let < be a monomial order on k[x1, ..., Xn| and I a toric ideal. Then
{xu" — xuT xwet _ yum . xust _ xUs ) s reduced Grébner basis
with respect to the monomial order < if and only if

-, x4%" are the minimal monomial generators of in<(la)
and xU+  x“% ... xY%  are standard monomials.

4+ 4+
ui uz "
X ?X )
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Reduced Grobner bases

(Buchberger) Let < be a monomial order on k[xi, ..., X, and I a
nonzero ideal. Then | has a unique reduced Grébner basis with
respect to the monomial order <.
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Elimination order

We consider two sets of variables xi,--- ,x,and yi,--- , ym. Let <4
be any monomial order on the x variables and let <, any monomial
order on the y variables. We can define a new monomial order:

Definition

Let x2, x? be monomials in the x variables and y°, y? be monomials
in the y variables. We define
Xayc < bed

if and only if x2 <, x° or x3 = x? and y°© <, yd.
The new monomial order is called an elimination order with the x
variables larger than the y variables.

If the <, monomial order is defined by a matrix A and the <,
monomial order is defined by a matrix B then the elimination order is

defined by the matrix
A0
0 B )
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Let | be a nonzero ideal of K[x1,- -+ , Xn, Y1, , ¥m| @nd let < be an
elimination order with the x variables larger than the y variables. Let

G=1{91,9, - ,9:} be a Grébner basis for I. Then GN K[y, , Ym|
is a Grobner basis for the ideal IN\ K[y1,- - , Ym]-
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Universal Grobner bases

Although k[xi, ..., x|, for n > 2 has infinitely many different
monomial orders for a fixed nonzero ideal / there exist finitely many
different reduced Grébner bases for /.

Definition

The universal Grébner basis of an ideal / is the union of all reduced
Grobner bases G. of the ideal / as < runs over all monomial orders
and is denoted by UGB(/).

The universal Grobner basis is a finite subset of / and it is a Grébner
basis for / with respect to all monomial orders simultaneously.

(V. Weispfenning and N. Schwartz) Universal Grébner basis exists for
every ideal in K[x1, . .., Xn].
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Grobner bases of toric ideals

@ Toric ideals are binomial ideals

@ Lletf=x""—x" g=x"" —x" betwo non-zero binomials in
K[X1, ..., Xn) with X" > x*~ and such that x*" |x“". Then the
remainder of the division is zero or a binomial.

xut xut

f—>gh:(x“+—x“ )

[

vt vy
- Xv+ (X - X ) - Xv+

o Lletf=x""—x" g=x"" —x" be two non-zero binomials in
Kixi, ..., Xa) with x4" > x4 x¥" > x¥" . Let L= LCM(x“", x*").
The polynomial

L - L - L - L -

+ +
S(f7g): XU+(XU —x )_XV+(XV —-x¥ ) = Xv+xv —XU+XU

is the S-polynomial of f and g and it is binomial.
@ Any reduced Grdbner basis of a toric ideal consists of binomials.
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Universal Grobner bases

Any reduced Grébner basis of a toric ideal consists of binomials.
What kind of binomials?
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Universal Grobner bases

Any reduced Grébner basis of a toric ideal consists of binomials.
What kind of binomials?

Theorem (B. Sturmfels)

For any toric ideal |4 we have that the Universal Grébner basis is a
subset of the Graver basis.
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Proof.

Suppose that there exists a binomial xY" — xU" in the Universal
Grobner basis which does not belong to the Graver. Then

@ there exists a monomial order < such that X" — x4~ is in the
reduced Grébner basis with respect to the monomial order > and

@ there exists a non-zero X" — XY € I, with
> > e X o
XV —x¥ #xY —xY suchthat x” |xY" and x* |x“ .
The first condition means that x¥" is a minimal generator of in_ (/)
and x“ is a standard monomial.

—________________{
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Proof.

Suppose that there exists a binomial xY" — xU" in the Universal
Grobner basis which does not belong to the Graver. Then

@ there exists a monomial order < such that X" — x4~ is in the
reduced Grébner basis with respect to the monomial order > and

Q@ there exists a non-zero x*" — xV~ € I, with
X" —xV" #£x“" — x4 suchthat x"|x“" and x¥ [x¥".

The first condition means that x¥" is a minimal generator of in_ (/)
and xY is a standard monomial.
For X" — x*~ ¢ I, there are two cases:

@ xV" > x* implies x¥" € in-(l) and divides one of the minimal
generators of in-(la), the x¥". Therefore x*" = x“". But then
(xV" —xV )= (x4 —xY ) =xY —x" € lyis non-zero and
x4 > x¥ (since x“ |xY ). Therefore x € in_(la). A
contradiction since xV is a standard monomial.

Q x > x" thenx* € in.(lz) and divides a standard monomial,
the x¥ . Contradiction.
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