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Ulam game with lies

o Answerer: chooses a number x € S
o Questioner: asks Yes/No questions
o Answerer: Yes/No

o The Answerer is allowed to lie at most p times.

Theorem
If o is a formula L4, t.f.a.e.:
o kg, a,

o e(a)=1forany S, p>0and e: Form(L) — K(S, p) valuation,
where K(S, p) is an MV-algebra defined by Ulam game with a finite
searching spaces S and p lies.

Mundici, 1991



Ulam game with lies

o S finite (searching space), p number of lies

o (question,answer): Q% with X C S, a€ Lo

o The knowledge after Q% is K§ : S — Lpyo,
Kg(x)=1lif (a=1and x € X) or (a=0 and x ¢ X)
Kg(x) = ;&5 otherwise

(we do not reject a possible solution)
o Agameis o= Q} - QY € Ulam(S, p)
o The state of knowledge K, : S — Lpi2, Koo, = Koy © Ky,
o K(S,p) ={K,| o gamein Ulam(S, p)} is an MV-algebra
Mundici, 1991



Ulam game with lies

Theorem. If « is a formula £, the following are equivalent:
° kg, a,

o e(a) =1 forany S and e : Form(L) — K(S, p) valuation.
D. Mundici, 1991

Game Ulam game with p lies

Logic ~ (p + 2)-valued tukasiewicz logic



Logic and games

Game theory is strictly related to logic. For example, proving a formula
can be regarded as a game between two players, the prover, who tries to
prove the formula, and the opponent, who tries to attack the prover’s
attempts. However, in this case the games are ad hoc, in the sense that
they are not interesting in themselves, their interest is based on the fact
that they constitute a good semantics for proofs. Rényi-Ulam game with
lies is an exception: it is an interesting game with several applications, and
at the same time it constitutes a very natural semantics for tukasiewicz
logic. This suggests the following problem: for any of the games listed
above, try to find a logic of which the game is a semantics. In other
words, for G being a game, try to solve the equation:

Ulam game with lies G

tukasiewicz logic X

C. Marini, F. Montagna, 2005.



Many-valued logics
Classical Logic

n-val. Lukasiewicz Logic

proper n-val.
Moisil algebras

MV ,-algebras

n-val. Moisil Logic

G—val. Moisil algebra




(n + 1)-valued Moisil algebras

(L,V, A 01,00, 1)
@ (L,V,A,*) De Morgan algebra
@ ¢i(pj(x)) = ¢ilx)

@ pi(xVy) = pi(x )Vsol( )

@ i)V (pilx))" =

@ pi(x*) = (pnt1-i(x ))*

® p1(x) <+ < @n(x)

@ The determination principle
pi(x) =pi(y)forany 1< i<n=x=y

Heyting implication
x =y =y VALiei(x)"V ¢i(y))

V. Boicescu, A. Filipoiu, G. Georgescu, S. Rudeanu, 1991



Standard model

Ln+1

o L 2 n=1 1
o1 |0 0 O 0 1
¢ [0 0 0 11
¥n—1 0 O 1 | 1
en |0 1 1 ... 1 1

M0i5i|n+1 :HSP(Ln+1)



(n + 1)-valued Moisil algebra L

The Boolean center B(L)
B(L) = {x € L| ¢i(x) = x for any i} is a Boolean algebra.

Determination principle

Lo x— @1(x) <--- < pn(x) € B(L)
x =y iff pi(x) = pi(y) forany i€ 1,n
Any element is characterized by n Boolean nuances.

Generalization from elements to algebras

L (B(L), by Ipe1)
liy...,ln—1 € B(L) are Boolean ideals

[.L., 2008; D. Diaconescu, I.L. 2015



(n + 1)-valued Moisil logic M1

Connectives: V,—, =, ©1,...,Pn
Axioms: (A1) ... (A18)

Deduction rules: {o, o« — B} F 8 and {a} F p1a

The Lindenbaum-Tarski algebra is an (n + 1)-valued Moisil algebra.

Completeness. The following are equivalent:
o Fa
o e(a) =1 for any L, -evaluation e.



Logic and Algebra

n-valued
Moisil logic
Feiff =, @
LT = Form/ ~
(The free algebreD LT-algebra @ o i 171 3 <25

Moisil,, algebras
Variety
generated by L,




(n + 1)-valued Moisil algebras

Example: Bl"l, where B is a Boolean algebra
Bl = {(b1,....by) [ by > -+ > bn}
ok(b1,...,bn) = (bk, ..., bk)

n

Note that LI ~ [, 4

Embedding Theorem

The map & : L — B(L)[", d(x) = (¢1(x), ..., ¢n(x)) is an embedding.
Moreover, ® is an isomorphism iff L is an n + 1-valued Post algebra

Consequence

The functor B : Maisil, 11 — Bool has a right adjoint
D : Bool — Maisil,,.

G. Georgescu, C. Vraciu, 1970



Our goal is to solve the equation

Game X

Logic ~ (n+ 1)-valued Moisil logic

joint work with Denisa Diaconescu



Let's take x = Akinator [http://en.akinator.com/]

Question N 12

Is your character made
outof ¢old?

Probably Probably not




dKindLor

The Web Geniel

B English & - Play - Story of Akinator - Akinator on your sma

A

Submitted by starlord

I think of

Daenerys Targaryen
A Song of Ice and Fire




If you find your character on the following list, please click on its name

Weasel (Deadpool)

Cross Bones (Marvel comics)

Baron zemo (Marvel)

Zola (scientist/Captain America)

Red Hulk (Red Hulk)

Obadiah Stane (Iron Man vilain)

The Winter Soldier (Bucky Barnes) (Captain America)




Akinator with n questions [the answer is displayed after n questions]

©

The set of answers is a partially ordered set (Ans, <):

Don’t know < Probably < Yes and
Don’t know < Probably not < No.

o C is the set of characters, A C Ans€ is the set of data.
o We assume 1, 0 € A.
(question,answer): QF with 6 € A and a € Ans.

©

The knowledge after Q2 is KZ € LS , where

©

Ks = Va<x X6-1(x)-

ap

A gameis yi= Q5 -+ Qsr.
A state is 0 := lel e Q;: with k < n; we denote |o| = k.

©

©



Akinator with n questions

Interpretation 7

(@) = (KZ,....,K2,1,...,1), for 1< k<n
k-1

Z(QF) = T(Q5)

Z(cQ5) = Z(o) NIk+1(Q3), where |o| = k.

Interpretation V

v:GC---CGCC

Z(7) = (Xcpr- -+ xc) S (L), te (LTS LE,
V(7) = tc(Z(7)) the interpretation of v in LS, ,

V(v): € — Lot



Akinator with n questions

Interpretation V

y:GC---CGCC

Z(1) = (X - - -1 Xc:) (LI, ve (L) S 0L,
V() = tc(Z(7)) the interpretation of v in LS, ,

V() : €= L

What is the meaning of V(7)?



Akinator with n questions

Interpretation V
y:GC---CGCC

I(PY) = (XCm 00 'aXCl) g (LZC)[H]' Lc: (L2C)[n] :> Lr§+1
V(7) = tc(Z(7)) the interpretation of v in LS,
V(v): C— Ly

V(y)(c) = £ iff c € G \ Cpy1 iff

the character ¢ was eliminated from the selection by the k + 1 question

Temporal interpretation of the Boolean nuances!



Akinator with n questions

We set:
o G(C.An) = {V() | 7 is a game} C LS,
o Ak(C, A, n) be the n+ 1-valued Moisil algebra
generated by G(C,A,n) in LS, ;.
Theorem

If « is a formula of the n 4+ 1-valued Moisil logic,
the following are equivalent:

oo,

o e(a) =1forany C, A and e: Formyy,,, — Ak(C, A, n) valuation.

Game __ Akinator with n questions
Logic = (n+ 1)-valued Moisil logic

D.Diaconescu, |.L., FUZZ-IEEE 2017



Nuances of truth

o Moisil logic is derived from the classical logic by the idea of nuancing,
mathematically expressed by a categorical adjunction.

o Starting from a logical system and using the idea of nuance, it is
possible to construct an n-nuanced logical system on the top of the
given one.

o The n-nuanced MV-algebras are defined by nuancing tukasiewicz
logic, i.e. adding n nuances on top of an MV-algebra.

G. Georgescu, A. Popescu, 2006



Y|N Akinator with n questions and lies

Question N 12

Is your character made
outof ¢old?




2-nuanced MV;3-algebras

BN o
LP = {(0,0),(0,1/2),(0, 1), (1/2,1/2), (1/2, 1), (1, 1)}
A. Popescu, Tones of truth

necessarily false, contingently false, contingently true, surprisingly false,
true, as expected, and necessarily true



Y|N Akinator with n questions and 1 lie

.z
Is your character made
outof gold?
Bs) )
S
¥ r

Game  Y|N Akinator with n questions and 1 lie

Logic ?



Y|N Akinator with n questions and 1 lie

n-nuanced MV3-algebras

n=2, Lg]

Game Y|N Akinator with n questions and 1 lie
Logic = The theory of the n-nuanced MV3-algebras




Y|N Akinator with n questions and 1 lie

B
Is your character made
outofgold?
P
=

Game _ Y|N Akinator with n questions and 1 lie
Logic ~ The theory of the n-nuanced MVs-algebras

D.Diaconescu, I.L., Towards game semantics for nuanced logics, FUZZ-IEEE
2017, doi: 10.1109/FUZZ-1EEE.2017.8015600.



Example

Classical Akinator with n questions (Yes/No)

Is your character made
out of gold?
T~c
X 5

We use D. Diaconescu’s slides from ManyVal 2017.



Classical Akinator with n questions

The Genie has a data base of characters:

Hannibal Don Vito Princess Jean-Luc Cruella
Lector Corleone Leia Picard de Vil



Classical Akinator with n questions

The Genie has a data base of characters:

Hannibal Don Vito Princess Jean-Luc Cruella
Lector Corleone Leia Picard de Vil

We have a set C of characters.



Classical Akinator with n questions

The Genie has a description of the characters:

villain 1 1 0 0
eccentric hair 0 0 1 1
bossy 1 1 1 1
european 1 1 0 1

The Genie asks questions of the form "Is your character bossy?”

The Genie's description of the characters is a set A C LS.

A question is an element § € A.



Classical Akinator with n questions

A round is a pair (question,answer).

A round is represented as QF where 6 € A and a € L».

o |s your character a villain? No.

o QO

villain

A game is a sequence of n rounds v := lel e Qg’n"



Classical Akinator with n questions

The knowledge after the round Q?i”ain is

villain 1 1 0

KO

villain

The knowledge after a round QF is K = x5-1(a) € LS

where Yy is the characteristic function of Y in C.



Classical Akinator with n questions

Suppose we have two rounds Q,opean @nd Q¥ The knowledge is
Keluropean 1 0 1
villain 0 0 1 1 0

After the two rounds, we choose the character




Classical Akinator with 3 questions

— N1 0 1
v = Qeccentric hair Qvillain Qeuropean

Ml
1 1 1

elccentric hair 0
villain 0 1 1 0
Kl 1 0 1 1

european




Classical Akinator with 3 questions

— N1 1
v = Qeccentrlc hair V|Ila|n Qeuropean

EEN =

1
eccentric hair

villain 0 0 1 1 0
Kéluropean 1 1 0 1 1

We have the following intermediate sets of characters
o C; = {Princess Leia, Jean-Luc Picard, Cruella de Vil}
o G, = {Princess Leia, Jean-Luc Picard}
o C3 = {Jean-Luc Picard}



Classical Akinator with 3 questions

— N1 1
v = Qeccentrlc hair V|Ila|n Qeuropean
il

eccentric hair

K% i 0 0 1 1 0

Kelu ropean 1 1 O 1 1

We have the following intermediate sets of characters
o C; = {Princess Leia, Jean-Luc Picard, Cruella de Vil}
o G, = {Princess Leia, Jean-Luc Picard}
o C3 = {Jean-Luc Picard}
VA)(E) = 1c@3)(€) = Uixa(e), xar () xa ()
o V(v)(Hannibal Lector) = L(<0 0,0))=0
o V(v)(Princess Leia) = ¢((1,1,0)) = %
o V(v)(Jean-Luc Picard) = ¢((1,1,1)) =



